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Abstract. Here we introduce the concept of special effect curve which permits 
to study, from a different point of view, special linear systems in P^, i.e. linear 
system with general multiple base points whose effective dimension is strictly 
greater than the expected one. In particular we study two different kinds of 
special effect: the a— special effect is defined by requiring some numerical con- 
ditions, while the definition of h} — special effect concerns cohomology groups. 
We state two new conjectures for the characterization of special linear systems 
and we prove they are equivalent to the Segre and the Harbourne-Hirschowitz 



1. Introduction 

Let X be a smooth, irreducible, complex projective variety of dimension n. Let 
£ be a complete linear system of divisors on X. Fix points Pi, . . . ,Ph on X in 
general position and positive integers mi, . . . , nih- We denote by C{— X^iLi ^iPi) 
the subsystem of C given by all divisors having multiplicity at least nii at Pi, 
i = 1, . . . ,h. Since a point of multiplicity m imposes ('""^""^ ) conditions we can 
define the virtual dimension of the system £(— 

h h ^ / I 

,^{£{- J2 m^P^)) virtdim(/:(- ^ m,P,)) = dim{C) ~Y.[ ^ ^ 

1=1 i=i 1=1 ^ 

This virtual dimension can be negative: in this case we expect that the sys- 
tem C{— X^iLi ^iPi) is empty. We can then define the expected dimension of 
J2i=i WjPj) as 

h h h 

e{C{-^miPi)) := cxpdim(/:(-^mjPi)) = max{;/(£(- to^P,)), -1}. 

i—1 i—1 i—1 

The conditions imposed by the multiple points rriiPi can be dependent, so, in 
general we have 

dim{£{~ E tl ^^P^)) > E tl ^^P^)) 

and we can state the following 

Definition 1.1. A system £(— Ei=i "^i^i) special if 

dim(/:(- Eti ^^P^)) > <^i~ Etl ^^P^))^ 

otherwise C{— X^'Li "^iPi) is said to be non-special. 
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By definition a system which is empty is non-special. For a non-empty system 
non-speciality means that the imposed conditions are independent. 

Since we expect that most systems are non-special, we can pose the following 
classification problem: classify all special systems. 

The dimensionality problem is quite hard if we consider a general variety X , so 
we fix our attention on particular varieties and linear systems. As a first choice we 
can take X — P" and C = Cn,d ■= \Op^{d)\, the system of hypersurfaces of degree 
d in P". In this case we have 

Starting with the case X = P^, we have some precise conjectures about the char- 
acterization of special linear systems and a rich series of results on the conjectures. 
The main Conjectures are the following. 

Conjecture 1.2 ((SC) B. Segre, 1961). If a linear system of plane curves with 
general multiple base points C2,d{~ X^iLi fniPi) is special, then its general member 
is non-reduced, i.e. the linear system has, according to Bertini's theorem, some 
multiple fixed component. 

Conjecture 1.3 ((HHC) Harbourne-Hirschowitz, 1989). A linear system of plane 
curves with general multiple base points C := C2.d{— X^iLi ^iPi) is special if and 
only if is (—1)— special, i.e. its strict transform on the blow-up along the points 
Pi, . . . , P/i splits as C — X]i=i Nid+M where the Ci, i — I, . . . , k, are (—1)— curves 
such that Ci ■ C — —Ni < 0, > and there is at least one index j such that 

Nj > 2. 

In C. Ciliberto and R. Miranda proved that the Harbourne-Hirschowitz and 
Segre Conjectures are equivalent. Although the Harbourne-Hirschowitz Conjec- 
ture is still unproved, it is important to notice that, in more than a century of 
research, no special system has been discovered except (—1)— special systems. For 
an overview on these results the reader may consult , H] , @| and [5] . 

When we pass to P", n > 3, very little is known about special linear systems. 
One of the most important result is the classification of the homogeneous special 
systems for double points: 

Theorem 1.4 (Alexandcr-Hirschowitz, 1996). The system Cn^'^^) ^•s non-special 
unless: 

n any 2 3 4 4 
d 2 4 4 4 3 
h 2,...,n 5 9 14 7 

Continuing with P", n > 3 we can notice that there is not a precise conjecture. 
Although the Segre Conjecture can be generalized in every ambient variety using 
the statement concerning ^ (see, for example, or [Hj) there is nothing that 
characterizes the special systems from a geometric point of view as, for example, in 
the case of (—1)— curves in P^. 

A worthy goal would be "find a conjecture (C) in P", [or in a generic variety 
X] such that, when we read (C) in P^, (C) is equivalent to the Segre (|1.2|l and 
Harbourne-Hirschowitz H1.3(l Conjectures" . 

In Sections 13 and 0] we state two potential candidates for the above-mentioned 
goal: the Numerical Special Effect Conjecture and the Cohomological Special Effect 
Conjecture. In fact, in these sections, we define the concepts of "a" and "/i^" special 
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effect curves wfiicfi permit to introduce a different approach in the study of special 
hnear systems in P^. Moreover, in Sectional we prove that these conjectures are 
equivalent to the Segre and the Harbourne-Hirschowitz ones. 

In Section we present some examples of special effect varieties in P", n > 3. 
Due to its complexity, the generalization of the "Numerical" and "Cohomological" 
Conjectures to the higher dimensional case is presented in '2^ where we prove also 
that these Conjectures hold for every special system listed in Theorem 1 1.41 

Finally, in section [7| we show some results on special effect varieties when the 
ambient variety is a Hirzebruch surface or a A'3 surface. 

The main ideas of this article were born during a pleasant stay in Fort Collins. 
I'm very grateful to Professor Rick Miranda for the guidance and support during 
my research at the Colorado State University and to all the people that I met there, 
especially the staff and all Professors at the Department of Mathematics. 

I also thank Professors Luca Chiantini and Ciro Ciliberto for discussing topics 
about special effect varieties and giving me several interesting suggestions. 



2. Preliminaries 

We collect some facts about linear systems that will be useful in the next Sections. 

Consider the blow-up tt : P" — > P" at the points Pi,. . . ,Ph and let Ei, i ~ 
be the exceptional divisors corresponding to the blow-up of the points 
Pi,i = 1, . . . ,h. If we denote by H the pull-back of a general hyperplane of P" via 
TT, then we can write the strict transform of the system £ :— j0.n,d{'^i=i rriiPi) as 
C = \dH — X]''=i fTT'i^i]- In the future, if confusion cannot arise, we will indicate 
both £ and £ by £. 

It an easy application of the (generalized) Riemann-Roch theorem to observe 
that 

(2.1) u{£)^x{C)^l. 

Consider now the case of P^ and let £ := £2.d{J2'i=i ^^iPi)- By Riemann-Roch, 
remembering that /i^(P^,£) = 0, we obtain 

(2.2) =dim(£) = ^'^^^'^^ + h\f\£) h^{^\£) = 
=£^-gc + l + /^^(P^ £) = v{£) + h^{f^,£) 

where g is the arithmetic genus pa of a curve in £ and K is the canonical class on 

P2. 

Hence, by previous formula, we have 

(2.3) £ is non-special if and only if /i''(P^ £) ■ /i^P^ £) = 0. 

Remark 2.1. The reducible curve C — J2i=i^i^i Conjecture 11.31 is called a 
(—1)— configuration on P^. 

Whenever not otherwise specified, we work over the field C. 
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3. a~SPECIAL EFFECT CURVES 

Let Pi, . . . , Ph be points in in general position and fix positive integers 
TOi, . . . , TO/i. Consider the system C :— C2,d{~^\=iTTiiPi) of planar curves of 
degree d passing through the points Pi with multiplicity at least m^. 

Definition 3.1. Let C and Pi, . . . Ph as above. An irreducible curve Y, of degree e, 
has the a— special effect property for £ on if there exist non-negative integers 
a, Cj-^ , . . .Cj^, with ae < d and 1 < a < min{ \-^~\ ,i = 1, . . . , s}, such that 

(i) Y contains the point Pj^ with multiplicity at least Cj^ for j — 1, . . . ,s, where 

P,^^{Pi,...,Ph]; 
(h) v\c - oY) > v{C). 

Moreover we require that a is the maximum admissible value for the a— special 
effect property and, if /? > a then v{C — j3Y) < v{C — oY). 

In the following, we will mainly ask for a condition stronger than (z): 
(i*) u{]Y\) > 0, 

where \Y\ represents the linear system \Y\ = \eH — J^t^i^ji^jil- 1^ clear that 
condition (z*) implies condition (z). 

Condition (m) is surely the most interesting. As a matter of fact it tells us that 
the number of conditions imposed on the system of curves of degree d by imposing 
a multiple curve aY and the points Pj. with multiplicity mj. ~ acj. (such that the 
final multiplicity at the point Pj- is at least rrij., i — 1, . . . s) plus eventually the 
other multiple points mtPt, t ^ {ji, . . . is less than the number of conditions 
imposed to the same system \dH\ only imposing each Pi with multiplicity at least 
rui, i = l,...,h. This sounds like a crazy requirement because, in general, we 
expect that a positive dimensional variety imposes more conditions than a zero- 
dimensional variety. It is important to notice the similarity with the "strange" 
requirement in the case of (—1)— curves in we asked there for a curve C whose 
double is not expected to exist ! 

Example 3.2. Let C be the system £2.9 (—6Pi — 6P2 — 6P3). This system is 
special since i^(>C) = —9 but its effective dimension is since it contains 3^, with 
Y = L12 + Li3 + L23, where Lij is the line through Pi and Pj. We claim that each 
of the lines Lij has the 3— special effect property. We prove this for L12. Obviously 
one has j/(|ii2|) > 0; indeed, it is a (— l)-curve. Moreover C — L12 is the system 
C := £2,8 (^5Pi — 5P2 — 6P3) and its virtual dimension is 

.(/:')-^-2^-^= 44 - 30 - 21 ^-7. 
^ ' 2 2 2 

Going further we can observe that 

i^{£-2Li2) = v{C-iLi2) = -6 

while 

u{C-ALi2) = -7. 

So the claim follows. 

Example 3.3. Let C := 'C2,d(— X]i=i ^^^d consider a (—1)— curve E such 

that C-E = -N <Q. Thus C = NE + M, where E-M = 0. Using Ricmann-Roch 
it is easy to prove v{C - NE) = v{C) + (^) and v{C -{N + l)E) = v{C - NE) - 1. 
Hence E has the A^— special effect property if A^ > 2. 



SPECIAL EFFECT VARIETIES AND (-l)-CURVES 



5 



Going back to the definition of a— special effect curves, we now see how the 
conditions (i) — (ii) give some numerical information about the intersection C ■ Y. 
We will also work on the blow-up of at the points Pi, . . . ,Ph and, as in the 
case of (—1)— curves, we will consider the strict transform Y of the a— special effect 
curve Y , but in general we will denote both Y and Y hy Y. 

Lemma 3.4. Let Y be an irreducible curve having the a— special effect property for 
a system C. Then C Y < ^^^Y^ . 

Proof. Let C be the system jC2,d{—J2i=i "i^iPi) ^'^d suppose Y has degree e and 
passes through Pj/s with multiplicity at least Cj.. From conditions (z*) and {ii) of 
the a— special effect property we have respectively 

s s s 

(3.1) + 3e > + ^J.) " + X! -^^ 4 

(3.2) i I -de + ^ mj.Cj^ + ae^ - 3e - ^(a^ + \ > 

Since C -Y := C, - Y = de — X]i=i ''^ji'^ji^ obtain (by using (|3.2|) and (|3.1|l 1: 

£ . y = de - ^ m,, c,, < i - 3e - ^ (a4 + c,, )) < (e^ - ^ ^ ) 

1=1 \ i=l / i=l 

SO that C Y < ^-^Y^. □ 
By the previous lemma we can also obtain some informations about Y'^ . 

Lemma 3.5. Suppose Y has the a— special effect property for a system C If 
h°{C - aY) > 1 then Y^ < -1. 

Proof. By Lemma 13.41 we have 

(3.3) {C-aY)-Y = C-Y - aY^ < il_i^ly2 

Consider first the case a — I; then Y splits from C — Y and we can compute 

{C~2Y)-Y = C-Y -2Y^ = C-Y -Y^ -Y^ < -Y^ 

Hence, if > then F is a fixed component of £ — 2Y. But at this point we can 
iterate the procedure and we would obtain 

{C - NY) ■Y = C-Y-Y'^-{N- 1)Y^ < -{N - 1)Y^ 

Thus if > 0, y appears with multiplicity oo in C — Y, but this is a contradiction, 
hence y^ < -1. 

Consider now the case a > 2 in (|3.3|) . If y-^ > 0, then y is a fixed component of 
C — aY. Moreover, for iV > a, we have 

{C - NY) Y = C Y - NY^ < -Y^ < 0. 

Thus we can conclude again that if Y^ > 0, then we obtain a contradiction. Hence 

y2 < -1. □ 

Definition 3.6. Let C and Pi, . . . ,Ph as above. An irreducible curve Y, of degree 
e, is an a— special effect curve for C on if Y has the a— special effect property 
for C and moreover ^{C — aY) > 0. 
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We recall that the existence of a (—1)— configuration C = J2l=i ^i^i such that 
C := '}2i=i ^iCi + M. leads us to the inequality 



N,, 



t 

(3.4) dim{C) = dim{M) > iy{M) = u{C) +J2\2 

which, under the assumption of (—1)— speciality of £, i.e. v{^A) > and Ni > 2 
for at least one index i, implies that C is special. Observe that the existence of an 
a— special effect curve Y for a system C forces the system itself to be special. In 
fact we have the following chain of inequalities 

dim{C) > dim(/: - aY) > v{C - oY) > u{C) 

and, together with condition v{C — oY) > 0, one has dim(£) > e{C). 

Example 3.7. Let C :— >C2.2(— 2Pi — 2P2) be the linear system of conies with two 
double points. Let F be a line through Pi and P2, i.e Y = H — Pi — P2. Obviously 
condition (i) is satisfied. Since 

i^iC -Y) = v{C - 2y) = 

while i'{C) — ~1, one has that condition (m) is satisfied. From the positivity of 
v{C — 2Y) we conclude that the line through Pi and P2 is a 2— special effect curve 
for C and so C is special. 

Example 3.8. We want to show how the problem of the existence of an a— special 
effect curve can turn into a pure combinatorial problem and its solution is more or 
less difficult according to the initial data. 

For example, we can look for an irreducible smooth a— special effect curve Y of 
degree e for a generic homogeneous system C := C2,d{m^). Moreover we require 
that Y passes through all points Pi, . . . , P^. The smoothness of Y means ci = 

■■ ■ = Ch = l. 

The conditions for the existence of Y are: 

(i) Pi eY ioi- i = l,...,h, 

(ii) - ae)H - Etiim - a)P,\) > v{\dH - Zti 

(iii) i^ilid - ae)H - E'Lii^ - ^)P^\) > 0, 

with the extra conditions 1 < a < m and ae < d. Using Riemann-Roch we can 
write the previous conditions as 

(3.5) ^>/. 

(d — ae)(d + ae + 3) (m — a)(m — a + 1) d(d + 3) m(m + I) 

(3.6) h > h 

^ ' 2 2 2 2 

, , {d — ae){d + ae + 3) ^ ^ (m — a)(m — a + 1) 

In particular, if we expand condition H3.6|l . we obtain 

13 11 
(3.8) —dae + t^ci'^ ~ '2^^ ^ hma — t^cs^ + ^ ^■ 

Observe that (|3.7|) is increasing monotone in d and for d — ae, we have 

, /m — a + 1^, 
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which is satisfied only for a ^ m. Then d = me. 

We claim that d > me. The proof of this fact is a long and very tedious study 
of the equations 

m^e^ — 2met — 2me^a + 3m,e + t^ + 2106 — 31 + 0^6^ — 3ae — hrn^ + 2hrna — hrn — ha^ + ha > 
and 

—2me^a + 2tae + oF'e^ — 3ae + 2hma — ha^ + ha > 

given by (|3.7() and (|3.8() in which we substitute d — me — t, with t > 0. Anyway, 
the previous equations together with e^ + 3e > 2h are verified only if at least one 
between m, e, t, h and a is equal to zero, but this is not acceptable for our purposes 
(we can check it by a computer algebra system, e.g. Maple). 
Now we show that e < 3: using (|3.8|l we compute 

1 2 3 ha^ I 1^ 
da < -a e~ -a + — (m ~ -a + -) 

and from d > me and (|3.5() we obtain 

1 2 3 , 1 l,(e + 3) 
mae < da < —a e a + aim a ^ — . 

2 2 ^ 2 2^ 2 

Then, 

1 3 1 1 1^33 
me < —ae 1 — me ae H — e + dm a H — 

2 2 2 4 4 4 4 



and simplifying, we obtain 

,1 

'2 '^ 4" 4' "'2 4'" 4 



A 1 In 1 In 
e(— m a < 3 a 



that is e < 3. 

If we analyze the cases e = 1 and e = 2, we see that the only possibilities are 

• e — l,h — 2, m<d< 2m — ^ — ^a 

• e = 2, /i = 5, 2m < d < |m - j - ja 
If we substitue a :^ C ■ Y = de — hm we obtain 

• e ^ 1, h = 2, m < d < 2m - 2 



• e = 2, /i = 5, 2m < d < 



5?n — 2 
2 

Then we conclude that the systems 



C2,d{m'^) m < d < 2m — 2 
C2,2d{m'>) 2m<d< 

are special. The careful reader can observe that these families of special systems 
are exactly the first two cases in the classification of the homogeneous (—1)— special 
systems described in Theorem 2.4 in 5 . 

Remark 3.9. Let C be again the system £2,9(^6^1 — 6P2 — 6P3). As already 
saw in Example 13.21 we know that each of the lines Lij has the 3— special effect 
property for C. As we can see, a single line is not a 3— special effect curve for C, 
since i^{C — 3Lij) < 0. 

The previous Remark shows that a— special effect curves are not sufficient to 
describe all known special systems. Hovewer it is clear, now, in which way we 
proceed. If Y has the a— special effect property for a system C and z/(£ — aY) < 0, 
we substitute the system C with C — aY and we investigate this new system. 
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Definition 3.10. Let £ be a system as above. Fix a sequence of (not necessarily 
distinct) irreducible curves Yi, . . .Yt, Suppose further that 

(1) Yj has the a^— special effect property for C — J^iZi cti^i, for j = 1, . . . , t, 

(2) i^iC - Ell a^Y^) > 0. 

Then we call both X := J2l=i cti^i {Yi, . . . , Yt} an (ai, . . . , at)— special effect 
configuration for C. 

Example 3.11. Consider again the system C := £2,9(— 6Pi — 6F2 — 6P3). We 
prove now that X = 3Li2 + 3Li3 + 8X23 is a (3, 3, 3)— special effect configuration. 
Recall that i^(£) = —9. In Example 13. 21 we proved that L12 has the 3— special effect 
property for C. We can go ahead and check if L13 has the 3— special effect property 
for C — 3Li2. We obtain: 

i^{C - 3ii2 - ii3) - '^{\5H - 2Pi - 3P2 - 5F3I) = -4 
v{C - 3ii2 - 2ii3) - v{\AH -Pi- 3P2 - 4P3I) = -3 
u{C - 3ii2 - 3L13) = v{\iH - 3P2 - 3P3I) = -3 

Finally we check if L23 has the 3— special effect property for C — 3Li2 — 3L13: 

v{C - 3Li2 - 3Li3 - L23) = v{\2H - 2P2 - 2P3I) = -1 
u{C - 3Li2 - 3Li3 - 2L23) = v{\H - P2 - P3I) = 0. 
u{C - 3Li2 - 3Li3 - 3L23) - 0. 

Thus X is a (3, 3, 3)— special effect configuration for £2,9(— 6P1 — 6P2 — 6P3). 

As in the case of a— special effect curves also a special effect configuration X 
forces a system to be special. In fact, one has again 

dim(/:) > dim{C -X)> u{C - X) > u{C) 

and, together with condition (2) in Dcfinition l3.I()[ one has dim(£) > e(£). 
These facts permit us to define a particular kind of speciality. 

Definition 3.12. A special system arising from the existence of an a— special 
effect curve (or an (ai, . . . , a,-)— special effect configuration) is called Numerically 
Special. 

Finally, we can state the following 

Conjecture 3.13 ((NSEC) "Numerical Special Effect" Conjecture). A linear sys- 
tem of plane curves C2.d{'^ X^li TT^iPi) with general multiple base points is special 
if and only if it is numerically special. 

4. /i^ -Special effect curves 

The second class of curves we introduce are defined via some particular conditions 
on certain cohomology groups. The original idea for these curves comes from a 
detailed analysis of the base locus in the special systems listed in Theorem 11.41 
that is, linear systems with imposed double points in P", n>2. In fact, as shoved 
in this kind of speciality can be more easily generalized to higher dimensions 
than numerical one. 

Definition 4.1. Let C := jO,2.d{—J2'i=i "i^iPi) be a linear system of plane curves 
with general multiple base points. An irreducible curve Y C P^, with 0^2 (F) ^ C, 
is an /i^— special effect curve for the system C if the following conditions are 
satisfied: 
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(a) h^[C\Y)=0- 

(b) h°{C - r) > 0; 
(C) >0. 

Remark 4.2. The condition (c) will be slightly different in the definition in the 
higher dimension case where we ask for > h^{C — Y). Instead, in the planar 

case, we can just ask for ft,^(£|y) > because h?{C — y) = 0. In fact, by definition 

of Y and condition (6) we can suppose C — Y— \aH — X]i=i ^i^i I ; with a, si, . . . , Sh 
positive integers. Define now Z as the union of the fat points SiPi, then we have 
the following exact sequence 

Q-^Iz® Op2 (a) ^ Op2 (a) Oz ^ 

When we consider the cohomology groups, we have 

>h\Oz)^ h^ilz^Or^ia)) ^ h''{Ov2{a)) ^ . . . 

II 

h^{C-Y) 

Since Z is a zero-dimensional scheme one has h^{Oz) = for i > 1. Moreover, by 
Serre duality, h'^{Op2{a)) = h'^{Or2{-3 - a)) = 0. Thus h^{C - F) = 0. 

Example 4.3. Let C :— >C2,2(— 2Pi — 2P2) be the linear system of conies with two 
double points. Let F be a hue through Pi and P2, i.e Y ^ H — Pi — P2. Since 
C-Y = —2 the restricted system C^y has no effective divisors and is empty. 

By Riemann-Roch we easily compute ft,^(£|y) = gy — 1 — deg(£|y) = 1 > 0. Finally 
£ - r is |i/ - Pi - P2I, so that h°{C-Y) = 1. Hence the line Y through Pi and 
P2 is an ft,^— special effect curve for C. 

Let C := £.2,d{— SiLi nT-iPi) and consider, on the blow-up of at the points 
Pi's, the exact sequence 

0^ C-Y ^ ^0 

which gives the following long exact sequence in cohomology: 

^ H°{C -Y)^ H°{C) -> H^{C\y) H\C-Y) H\C) H^{C\y) ^ 0. 

Conditions (a) and (&) assure us that H^{C) ^ 0, while condition (c) implies 
H^{C) ^ 0. Thus the existence of such Y forces the system C to have h^{£,)-h^{C) ^ 
so that, by 1)2. C is special. Again, we can give a particular name to this kind 
of system: 

Definition 4.4. A special system arising from the existence of an /i^— special effect 
curve is called Cohomologically Special. 

And again we can state a conjecture: 

Conjecture 4.5 ((CSEC) "Cohomological Special Effect" Conjecture). A linear 
system of plane curves C := C2,d{— X]i=i tTLiPi) with general multiple base points 
is special if and only if it is cohomologically special. 

Lemma 4.6. Suppose that the Cohomological Special Effect Conjecture holds. Let 
C C be an irreducible curve passing through the general points Pi, . . . , Ph with 
multiplicity at least mi, . . . , ruh- Then > 5(5 ~ 1- 
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Proof. Suppose i^(|C|) < 0, then the system |C| is special. Thus there is an 
/i^— special effect curve Y for |C| and F is a fixed part of C. This is a contra- 
diction since C is irreducible. Hence i^(|C|) > and, by formula H2.2|l . one has 
C^>gc-l. □ 

5. The four conjectures 

In the previous sections we introduced two new conjectures for the characteriza- 
tion of special linear systems in the planar case. At this point it is natural to ask 
if these conjectures are equivalent to the Segre and Harbourne-Hirschowitz ones. 
The answer is given in the following 

Theorem 5.1. Conjectures (SC), (HHC), (NSEC) and (CSEC) are equivalent. 

Proof. First of all, we recall that the equivalence between (SC) and (HHC) is proved 
in [H]. Then we just need to prove the following implications: 

(HHC) ^ (NSEC) ^ (SC) 
(HHC) ^ (CSEC) ^ (SC) 

[(HHC) => (NSEC)] Suppose that the Harbourne-Hirschowitz Conjecture holds. 
Let £ be a special system, then it splits as C — J2l=i ^i^i + where v{M) > 
and there is at least one index j such that Nj > 1. After a permutation in the 
indexes we can suppose that Ni > 1 for i — 1, . . . , s, s < t. Thus we can write the 
(—1)— configuration C = J2l=i -^i^i appearing in C as 

s t 

c = ^7v,a+ ^ c,. 

i—1 i—s-\-l 

At this point it is enough to show that J2i=i ^i^i is an (A^i, ■ ■ ■ ^ iVs)— special effect 
configuration for L. By formula (|3.4|l each (—1)— curve Cj with Nj > 1 increases 
the virtual dimension of the residual system by 

j j-i 

i=l i=l 

Thus, if Nj > 1 then Ci has the A'j — special effect property for C — ^iCi- Fi- 

nally, we can observe that = C — J2l=i ^iCi- By hypothesis on the (—1)— special 
system, we know that v{M) > 0. Moreover the C^'s are fixed for i = s + 1, . . . , i, 
hence one has 

s t 
1=1 i=l 

and we can conclude that C — X]i=i ^iCi is an (A^i, . . . , iVj)— special effect config- 
uration for C. Then C is numerically special. 

[(HHC) (CSEC)] Suppose that the Harbourne-Hirschowitz Conjecture holds. 
As in the previous case, we prove that a (—1)— curve appearing in a (—1)— special 
system and splitting off with at least multiplicity two is an /i^— special effect curve. 
Let £ be a special system. Then there is at least a (—1)— curve C such that C C < 
~N, N > 1. Then h°{Cic) = and, by Riemann-Roch, h^{C\c) = N -1 > 
so that conditions (a) and (c) of Definition 14.11 are satisfied. At this point it is 
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important to observe that C — C could be special. However the speciality of £ — C 
has no effect on h^{C — C). In fact if £ — C is non-special then C — C contains the 
residual system M and, by definition of (—1)— special system, v{Jv[) > so that 
h°{C -C)^Q. If £ - C is special, then, by we surely have h°{C - C) ^ 0. 
Hence condition [b) is satisfied. 

[(NSEC) => (SC)] Suppose that the Numerical Special Effect Conjecture holds. 
Let £ be a special system, then there is an (ai, . . . ,at) — special effect configuration 
or an a— special effect curve for C. We prove only the case in which there is a special 
effect configuration for £, being the other one similar. 

Let X = Y^\^iCtiYi be the special effect configuration. It is enough to fix our 
attention on Yi. Since, by hypothesis, '^(£— X]*=i cti^i) ^ ^^ o^^c has h^{C—a\Yi) > 
1 and we can apply Lemma 13.51 Thus Yi < — 1 and, by Lemma l3. 41 we have 

(ai + 1) ~ 2 
C-Yi< ^ V i < -1. 

Thus Yi is a fixed multiple component of £ and Segre's Conjecture holds. 

[(CSEC) (SC)] Suppose that the Cohomological Special Effect Conjecture 
holds. Let £ be a special system, then there exists an /i^— special effect curve Y 
for £. By condition (6) of Definition 14. II we know that Y splits from £, then it is 
enough to show that Y splits off at least with multiplicity 2. Since Y is irreducible, 
we have Y'^ > g —I where g is the genus of Y. By Riemann-Roch and /i'^(£|y) = 
we have C ■ Y = g — I — h^{C\Y)- Then we compute 

{C-Y)-Y = C-Y~Y^ <g-l- h^C^y) - (s - 1) = -h^C^y) < 
and the claim follows. □ 



6. First examples of special effect varieties in higher dimension 

Since a curve in is also a divisor, when we pass to analyze the case of special 
linear systems in P", n > 3, we can pose the question if it is natural to consider 
special effect varieties of every codimension (i.e. not only curves or not only divi- 
sors). This more general situation is justified in ^ , where we prove, for example, 
that P*, 1 < s < n — 1 can be a special effect varieties for a given system £. 

The definition of a special effect variety Y such that codim(y, P") < n — 2 is 
more difficult than the codimension one case. Thus, here, wc consider only when Y 
is a divisor. Obviously, in this situation. Definitions 13.11 13.61 13.101 and 14.11 remain 
the same. 

Example 6.1. Let £ be the system £3^4(2^) in Theorem 1 1.41 Consider a quadric 
Q C P'^ through the nine points of £. Obviously J^dQal) = Moreover, one has 

v{C -Q) = v{C - 2g) = 

while 

!/(£) = -2. 

Thus Q is a 2— special effect variety (hypersurface) for £3^4(2^). 

Example 6.2. In the same way we can prove that the quadric Q C P"* is a 2— special 
effect variety for £4^4(2^'*). 
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Example 6.3. Consider again the situation of Example 16.11 We prove that Q is 
an ft,^— special effect variety for C. Since C{—Q) = 0^3{Q) one has 

H°{C-Q) = l &ndH'{C-Q) = Q, i>l 

and condition (6) is satisfied. Since we know that 

H^{C) = l, H\C) = 2 and H\C) ^ i>2 

we can conclude that 

- and H\C\q) ^ 2. 
Thus conditions (a) and (c) hold and the claim follows. 

Example 6.4. In the same way we can prove that the quadric Q C is an 
/i^— special effect variety for £44(2^^). 

Remark 6.5. In the previous examples we shows that the quadrics are both a— and 
/i^— special effect varieties for the same system. This is not true in general. In fact, 
in 12] we show that a plane tt C P'^ is a 1— special effect variety for C :— £3.6(4'^), 
but it is not an ft,^— special effect variety for the same system. 

7. Special effect curves on surfaces 

It could be interesting to extend the concept of special effect curves to surfaces 
different from P^. 

We just give here some examples which show some important evidence. 

Example 7.1. Hirzebruch surfaces Let Fg, e > 0, be the Hirzebruch surface 
with invariant e, i.e. such that — e is the minimal self-intersection of a section of the 
ruling of Fg. We have Pic(Fe) = Z ® Z and we take, as a basis of Pic(Fe), a section 
h of the ruling / : Fg ^ with h'^ = — e and a class, F, of /. Thus h - F = 1 and 
F2 = 0. The dimension of i/"(Fe, OwS^h + bF)) is given by 

{0 if a > and 5 < 0, 

E'=d {b-ie + l) if < 6 < te for some t G Z, with < t < a 
(2b+2-ae)(a+i) if a > and & > ae - 1 

and h'^{¥e,OrAah + bF)) = if a > and 6 > ae - 1. 
We denote a system on Fe by C{a, b) := \ah + bF\. 

Laface, in [H|, gives a different definition of (—1)— special system. For that, we 
need the following procedure. 

Given a linear system C := \ah + bF — X)'Li fTiiPi\ on Fg 

1) if it does exist a (—1)— curve E such that —t:=C-E<{) then substitute 
C with C — tE and go to step 1), else go to step 2). 

2) if £ • /i < then substitute C with C ~ h and go to step 1), else finish. 

After a finite number of steps, we have a new linear system M.^ i.e., the residual 
linear system. 

Definition 7.2. Let C := \ah + bF — X]''=i ^iPi\ £ind A4 on Fg as above. Then C 
is (-l)-special if v{M) > v{C). 

Then we can state again a modified Harbourne-Hirschowitz Conjecture: 
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Conjecture 7.3 (A. Laface, 2002). A system ^{—^i^iniiPi) on a Fg is special 
if and only if is (—1)— special. 

This time, for the speciality of a linear system £ such that C — J2l=i ^i^i + M 
it is not enough to have v{M.) > and Ni > 2 for at least one index i. Following 
the argument of the main theorem in |S] It is easy to construct several examples 
of special system in Fe, e > 4, such that the Harbourne-Hirschowitz does not hold 
(see Example 3.4.4 in ^). 

The interested reader can look at Laface's article for a deep understanding. We 
just recall the main results contained in it. 

Proposition 7.4. Denote by Ce{a,b,m^) the system Ce{a,b){—J2i=i''^Pi)- 
homogeneous (—1) — special systems with multiplicity to < 3 onW^ are listed in the 
following table: 



system 


virtdim{C) 


dim{C) 


A(4,4,2^) 


-1 





A(6,6,35) 


-3 





^(4, 21,310) 


-1 





^(4,24,3") 


-1 





/:e(2,2(i + 2e,22^+'=+i) 


-1 





CeiO,d, 20 


d-3r 


d-2r 


/:e(2, 4d + 36 + 1,32''+'=+ 1) 


-1 





/:e(3,3d + 3e + l,32''+'=+i) 


1 


2 


/:e(3,3d + 3e,32''+'=+i) 


-3 





Ceil,d + e,3^) 


2d + e - 6r + 1 


2d + e - 5r + 1 


CeiO,d, 30 


d — 6r 


d-3r 



Theorem 7.5. Every special homogeneous system of multiplicity < i on a ¥(, 
surface is a [—1) — special system. 

After we modify the condition for a by respect to the degree of C and Y ^ we can 
give again the definition of a— special effect property and arrive again to state the 
Numerical Special Effect Conjecture. One has the following 

Theorem 7.6. The Numerical Special Effect Conjecture on Hirzebruch surface 
holds for all special systems listed in Proposition \ 7.4\ 

Proof. It is enough to check by hand every single case on the previous table. As 
an example we prove the case C := Ce{0,d,2^), d > 2r. Consider the curve Yi of 
bidegree (0, 1) passing through one of the r points in C, i.e. Yi corresponds to the 
system £e(0,l, 1) Thue one has z^(/:) = d-3r andi^iC-Yi) = v{C-2Yi) = d-'dr+l. 
If d — 3r + 1 > we conclude that Yi is a 2— special effect curve for L. In the other 
case we pass to study the system L' := £e(0, d — 2,2'""^) and we consider a new 
curve Y2 passing through one of the r — 1 points of C . As in the case of Yi we 
conclude that Y2 is a 2— special effect curve for C — C — 2Yi. Going furhter we will 
obtain a (2, ... , 2)— special effect configuration X = J2l=i for £• Q 

Consider now the Cohomological Special Effect Conjecture. Unluckily it does 
not hold for all special systems listed in Proposition 17.41 

In fact, let £ be the special system £5(4, 24, 3^^). We know, by jH|, that £ splits 
as 3E + h, where E is the (—1)— curve corresponding to the system £6(1; 8, 1^^). By 
condition /i°(£|y) — 0, we know that an /i^— special effect variety must split from 
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£. Thus only E and h are the candidate to be /i^— special for C. Since C ■ E = —1 
(in fact h "hides" the effective multiplicity of i?, see ^ or |H]) one has = 0. 

Similarly, since £ • /i = 0, we have again h^{C\j^) — 0. Thus condition (c) is never 
satisfied and both E and /i are not ft.^— special effect curves for C. 

Example 7.7. (K3 surfaces) Let X be a K3 surface with n ^ H'^ e 2Z. Let C := 

C"{d, nil, • ■ ■ , i^h) be the system of curves \dH\ passing through points Pi, . . . , in 
general position on X with multiplicities at least mi , . . . , m/j. The virtual dimension 
of C is given by 

In Uj, De Voider and Laface state a conjecture for linear systems on a K3 surface 
and, moreover, they proved it is equivalent to the Segre Conjecture, i.e. if C is 
special on X then C has a multiple fixed component. 

Conjecture 7.8 (De Volder-Laface) . Let C and X be as above. 

(i) £ is special if and only if jC = C^{d, 2d) or C = C'^{d, d^) with d > 2; 

(ii) if C is non-empty then its general divisor has exactly the imposed multi- 
plicities at the points P^; 

(iii) if C is non-special and has a fixed irreducible component C then 

a) C := C'^{m+l,m+l,m) = mC + {1,1) with C = £^(1,12) or 

b) £ = 2C, Cg {£4(1, 1^), £6(1, 1,2), £10(1,3)} or 

c) C = C. 

(iv) if £ has no fixed component then either its general element is irreducible 
or £ = £2(2,2). 



Consider the system £ = £^(d, d^). Its virtual dimensions is 

v{C) = d^ - d{d + I) + 1 = 1- d. 

Let Ci be the curve £2(1,1^), then Ci is a d— special effect curve for £ since 
v{L — dCi) = 0. In a similar way we can prove that C2 £^(1, 2) is a d— special 
effect curve £4(d, 2d). Moreover, we can see that v{C — C) = v{C) when C is one 
of the curve in cases {ni)a) — c) of the conjecture and £ is the relative system to 
C. 

Passing to the /i^— special effect curves, we can observe that that Ci := £^(1, 1^) 
and C2 := £^(1, 2) are genus two curves with self-intersection equal to zero. Apply- 
ing Riemann-Roch we discover that h'^{C\Ct) ~ ^ ''^^'^ ^^i^\Ct) = 1; where £ is the 
relative system to Ct in case (i) in Conjecture 17.81 (t = 1, 2). Since h'^{C — Ci) > 
we conclude that systems in (i) are cohomologically special. Finally we can see that 
no curve C in cases (iii)a) — c) are /i^— special effect curve. In fact, in all case in 
{iii)a) — b) one has /i*(£|c) = 0, « = 0, 1. While the cuve in {iii)c) does not fit the 
hypothesis in Definition 14.11 since £ = Ox(C). 

Thus we can state the following 

Theorem 7.9. Conjecture \ 7. 8\ implies both Numerical and Cohomological Conjec- 
tures. 
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